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Abstract 

The nonperturbative Hamiltonian eigenvalue problem for bound states of a quantum field theory 
is formulated in terms of Dirac's light-front coordinates and then approximated by the exponential- 
operator technique of the many-body coupled-cluster method. This approximation eliminates any 
need for the usual approximation of Fock-space truncation. Instead, the exponentiated operator is 
truncated, and the terms retained are determined by a set of nonlinear integral equations. These 
equations are solved simultaneously with an effective eigenvalue problem in the valence sector, 
where the number of constituents is small. Matrix elements can be calculated, with extensions of 
techniques from many-body coupled-cluster theory, to obtain form factors and other observables. 

D . PACS numbers: 12.38.Lg, 11.15.Tk, ll.10.Ef 
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I. INTRODUCTION 



The nonperturbative solution of quantum field theories is a highly nontrivial task and 
yet is crucial for the full understanding of a strongly coupled theory such as quantum chro- 
modynamics. Lattice methods have been quite successful in attacking this problem but 
suffer from the limitation to a Euclidean formulation and the lack of direct access to wave 
functions. Light-front Hamiltonian methods [j], 0] are not as well developed, but they do 
remain in Minkowski space and hold the promise of obtaining wave functions, as coefficients 
in Fock-state expansions of the Hamiltonian eigenstates. 

The Hamiltonian eigenvalue problem is typically solved by first truncating Fock space. 
This yields a finite set of coupled equations for a finite collection of wave functions. However, 
the truncation induces various complications, not the least of which are uncanceled diver- 
gences and Fock-sector dependencies jl] . The light-front coupled-cluster (LFCC) method [H 
avoids these complications by not truncating Fock space and instead approximating the rela- 
tionship between wave functions to obtain a finite set of equations for a still infinite collection 
of wave functions. There is a price to be paid, of course; the resulting equations are non- 
linear and the calculation of matrix elements requires particular care. The latter is greatly 
aided by the close similarity of the mathematics (though not the physics) of the many-body 
coupled-cluster method [EJ for nonrelativistic nuclear physics and quantum chemistry j6|. 



II. OVERVIEW OF THE METHOD 



The LFCC method [4| is designed to approximate the light-front Hamiltonian eigenvalue 
problem P + V~\ip) = (M 2 + P±)\ip) by writing the eigenstate as = \/ r Ze T \(f)}. Here \4>) 
is a valence state with a fixed, small number of constituents; T is an operator that increases 
particle number and conserves all relevant quantum numbers; and \fZ is a normalization 
factor. The approximation is that T is truncated to one or a few operators but the Fock space 
used as a basis for the eigenstate is not truncated. As a consequence of the approximation, 
wave functions associated with higher Fock states are restricted to what T can generate 
from the lower-state wave functions. 

To implement this approach, we define an effective Hamiltonian V~ = e~ T V~e T and a 
projection P v onto the valence sector, with 1 — P v restricted to projection onto just enough 
sectors to fully constrain the form of T. The resulting LFCC equations are 

M 2 + P 2 

p v p-\4)= p + ± \<}>), {i-p v )v-\<f>) = o. (2.i) 

The second equation is essentially an auxiliary equation for T, which is needed to define the 
effective Hamiltonian V~ used in the first, a valence eigenvalue equation. 

Matrix elements are computed from the right and left eigenstates of V~ . For example, 
consider the expectation value for an operator O: 

(O) . <g£™. (2.2) 

Direct computation requires an infinite sum over Fock space, which is intractable. Instead, 
we can borrow some mathematics from the many-body coupled-cluster method Q. We 
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define O = e T 0e T and (ib\ = (6\ ■ , e L e ^. ; • The expectation value can then be expressed 

_ W>l e e m 

as (O) = (ij)\0\<f>), and the ket (ip\ is normalized as 

m<t>) = m *^ T >.M = &<z-E). (2.3) 

The effective operator O can be computed from its Baker-Hausdorff expansion, = + 
[O , T] + T}[[0 , T],T] + ■ ■ ■ . The ket (if)\ is a left eigenvector of V~, as can be seen from 

~ e Tt P"e T t e Tt e T M 2 + F? ~ 

= ^rvw = w V?w = (2 ' 4) 

Physical quantities can then be computed from the LFCC eigenstates. 

This approach has been applied to a light-front analog of the Greenberg-Schweber 
model 0, i|, where the lowest-order T produces the exact answer, and to QED pj, in a 
calculation of the dressed-electron state and its anomalous magnetic moment. In addition, a 
technique for including zero modes has been developed 0] and applied to <p 3 and (p A theories 
and to the Wick-Cutkosky model. Much of this work is less briefly summarized in various 
proceedings 10-13. 



III. SUMMARY 

The LFCC method provides a nonperturbative Hamiltonian approach to the solution of 
quantum field theories that avoids Fock-space truncation and the consequent difficulties of 
uncanceled divergences and sector dependence. It can be applied to any regulated light- 
front Hamiltonian and is systematically improvable through the addition of terms to the T 
operator, classified by the net increase in particle number and the number of annihilation 
operators. Zero modes can be included, to allow consideration of theories with symmetry 
breaking. 

Work on QED continues, with consideration of additional terms to include electron- 
positron pairs and of the bound states of muonium and positronium. Many interesting 
applications remain to be considered, with the goal of understanding the method well enough 
to apply it to QCD. Light-front holographic QCD [l3| may be a useful starting point. 
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